The von Neumann Hierarchy for Correlation Operators of Quantum
  Many-Particle Systems by Gerasimenko, V. I. & Shtyk, V. O.
ar
X
iv
:0
71
2.
43
36
v2
  [
ma
th-
ph
]  
5 J
un
 20
08
The von Neumann Hierarchy for Correlation
Operators of QuantumMany-Particle Systems
V I Gerasimenko † V O Shtyk ‡
† Institute of Mathematics of NAS of Ukraine
‡ Bogolyubov Institute for Theoretical Physics of NAS of Ukraine
E-mail: † gerasym@imath.kiev.ua, ‡ vshtyk@bitp.kiev.ua
The Cauchy problem for the von Neumann hierarchy of nonlinear equations is inves-
tigated. One describes the evolution of all possible states of quantum many-particle
systems by the correlation operators. A solution of such nonlinear equations is
constructed in the form of an expansion over particle clusters whose evolution is de-
scribed by the corresponding order cumulant (semi-invariant) of evolution operators
for the von Neumann equations. For the initial data from the space of sequences of
trace class operators the existence of a strong and a weak solution of the Cauchy
problem is proved. We discuss the relationships of this solution both with the s-
particle statistical operators, which are solutions of the BBGKY hierarchy, and with
the s-particle correlation operators of quantum systems.
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cumulant (semi-invariant); cluster expansion; correlation operator; statistical oper-
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1 Introduction
In the paper we consider the von Neumann hierarchy for correlation operators that de-
scribes the evolution of quantum correlations of many-particle systems. The necessity
to describe the evolution of correlations arises in many problems of modern statistical
mechanics. Among them we refer to such fundamental problems that are challeng-
ing for mathematics, in particular, the rigorous derivation of quantum kinetic equa-
tions [2, 4–8, 15, 19, 21, 27, 36], for example, the kinetic equations describing Bose gases
in the condensate phase [1, 16–18, 35], and the description of nonequilibrium quantum
correlations in ultracold Fermi and Bose gases [28](and references therein). In the pa-
per we introduce the hierarchy of equations for correlation operators (the von Neumann
hierarchy) that describes the quantum correlations from the microscopic point of view
and shows how such dynamics is originated in the dynamics of an infinite-particle sys-
tem (the BBGKY hierarchy [10, 26, 33]) and nonequilibrium fluctuations of macroscopic
characteristics of such systems.
The aim of the work is to formulate the evolution equations describing correlations
in quantum many-particle systems with the general type of an interaction potential and
construct a solution of the corresponding Cauchy problem, then using the constructed
solution to establish its relationships with the solutions of hierarchies of the evolution
equations of infinitely many quantum particles.
We outline the structure of the paper and the main results. In section 2 we introduce
preliminary facts about the dynamics of quantum systems of non-fixed number of par-
ticles and deduce the von Neumann hierarchy for correlation operators which gives the
alternative description of the evolution of states of the many-particle systems.
In section 3 we define the cumulants (semi-invariants) of evolution operators of the
von Neumann equation and investigate some of their typical properties. It turned out
that the concept of cumulants of evolution operators is a basis of the expansions for the
solutions of various evolution equations of quantum systems of particles, in particular, the
von Neumann hierarchy for correlation operators and the BBGKY hierarchy for infinite-
particle systems.
In section 4 the solution of the initial-value problem for the von Neumann hierarchy
is constructed and proved that the solution generates a group of nonlinear operators of
the class C0 in the space of trace class operators. In this space we state an existence and
uniqueness theorem of a strong and a weak solutions for such a Cauchy problem.
In the last section 5 we discuss the relationships of a solution of the von Neumann
hierarchy for correlation operators both with the s-particle statistical operators, which
are solutions of the BBGKY hierarchy and with the s-particle correlation operators of
quantum systems. We also state the general structure of the BBGKY hierarchy generator
of infinite-particle quantum systems.
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2 Evolution equations of quantum many-particle sys-
tems
2.1 Quantum systems of particles
We consider a quantum system of a non-fixed (i.e. arbitrary but finite) number of identical
(spinless) particles with unit mass m = 1 in the space Rν , ν ≥ 1 (in the terminology of
statistical mechanics it is known as a nonequilibrium grand canonical ensemble [11]).
The Hamiltonian of such a system H =
∞⊕
n=0
Hn is a self-adjoint operator with do-
main D(H) = {ψ = ⊕ψn ∈ FH | ψn ∈ D(Hn) ∈ Hn,
∑
n
‖Hnψn‖2 < ∞} ⊂ FH,
where FH =
∞⊕
n=0
H⊗n is the Fock space over the Hilbert space H (H0 = C). As-
sume H = L2(Rν) (coordinate representation) then an element ψ ∈ FH =
∞⊕
n=0
L2(Rνn)
is a sequence of functions ψ =
(
ψ0, ψ1(q1), . . . , ψn(q1, . . . , qn), . . .
)
such that ‖ψ‖2 =
|ψ0|2 +
∑∞
n=1
∫
dq1 . . . dqn|ψn(q1, . . . , qn)|2 < +∞. On the subspace of infinitely differen-
tiable functions with compact supports ψn ∈ L20(R
νn) ⊂ L2(Rνn) n-particle Hamiltonian
Hn acts according to the formula (H0 = 0)
Hnψn = −
~2
2
n∑
i=1
∆qiψn +
n∑
k=1
n∑
i1<...<ik=1
Φ(k)(qi1 , . . . , qik)ψn, (1)
where Φ(k) is a k-body interaction potential satisfying Kato conditions [30] and h = 2pi~
is a Planck constant.
An arbitrary observable of the many-particle system A = (A0, A1, . . . , An, . . .) is a
sequence of self-adjoint operators An defined on the Fock space FH. We will consider the
observables of the system as the elements of the space L(FH) of sequences of bounded
operators with an operator norm [13, 33].
The continuous linear positive functional on the space of observables is defined by the
formula
〈A〉 =
(
eaD
)−1
0
∞∑
n=0
1
n!
Tr1,...,nAnDn, (2)
where Tr1,...,n is the partial trace over 1, . . . , n particles,
(
eaD
)
0
=
∞∑
n=0
1
n!
Tr1,...,nDn is
a normalizing factor (grand canonical partition function), for which the notation from
section 5 is used. The sequence D = (I,D1, . . . , Dn, . . .) is an infinite sequence of self-
adjoint positive density operators Dn (I is a unit operator) defined on the Fock space FH.
This sequence describes the state of a quantum system of non-fixed number of particles.
The density operators Dn, n ≥ 1 (also called statistical operators whose kernels are known
as density matrices [9]), defined on the n-particle Hilbert space Hn = H⊗n = L2(Rνn),
we will denote by Dn(1, . . . , n). For a system of identical particles described by Maxwell-
Boltzmann statistics, one has Dn(1, . . . , n) = Dn(i1, . . . , in) if {i1, . . . , in} ∈ {1, . . . , n}.
We consider the states of a system that belong to the space L1(FH) =
∞⊕
n=0
L1(Hn) of
sequences f =
(
I, f1, . . . , fn, . . .
)
of trace class operators fn = fn(1, . . . , n) ∈ L1(Hn),
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satisfying the above-mentioned symmetry condition, equipped with the trace norm
‖f‖L1(FH) =
∞∑
n=0
‖fn‖L1(Hn) =
∞∑
n=0
Tr1,...,n|fn(1, . . . , n)|.
We will denote by L10 the everywhere dense set in L
1(FH) of finite sequences of degenerate
operators [30] with infinitely differentiable kernels with compact supports. Note that the
space L1(FH) contains sequences of operators more general than those determining the
states of systems of particles.
For the D ∈ L1(FH) and A ∈ L(FH) functional (2) exists. One is interpreted as an
average value (expectation value) of the observable A in the state with density operator
D (nonequilibrium grand canonical ensemble for the Maxwell-Boltzmann statistics).
We remark that in the case of a system of a fixed number N of particles (nonequilibrium
canonical ensemble) the observables and states are the one-component sequences, respec-
tively, A(N) = (0, . . . , 0, AN , 0, . . .), D
(N) = (0, . . . , 0, DN , 0, . . .). Therefore, the formula
for an average value reduces to
〈A(N)〉 =
(
Tr1,...,NDN
)−1
Tr1,...,NANDN .
2.2 The von Neumann equation
The evolution of all possible states D(t) = (I,D1(t, 1), . . . , Dn(t, 1, . . . , n), . . .) is described
by the initial-value problem for a sequence of the von Neumann equations (the quantum
Liouville equations) [10, 31, 33]
d
dt
D(t) = −ND(t), (3)
D(t)|t=0 = D(0), (4)
where for f ∈ L10(FH) ⊂ D(N ) ⊂ L
1(FH) the von Neumann operator is defined by
(N f)n = −
i
~
[
fn, Hn
]
:= −
i
~
(
fnHn −Hnfn
)
. (5)
In the space of sequences of trace-class operators L1(FH) for an abstract initial-value
problem (3)–(4) the following theorem is true.
Theorem 1 ( [24,33]). The solution of initial-value problem (3)–(4) is determined by the
formula
D(t) = U(−t)D(0)U−1(−t), (6)
where U(−t) =
∞⊕
n=0
Un(−t) and
Un(−t) = e
− i
~
tHn ,
U−1n (−t) = e
i
~
tHn , (7)
U0(−t) = I is a unit operator.
For D(0) ∈ L10(FH) ⊂ L
1(FH) it is a strong (classical) solution and for arbitrary
D(0) ∈ L1(FH) it is a weak (generalized) solution.
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Note that the nature of notations (7) used for unitary groups e±
i
~
tHn is related to
the correspondence principle between quantum and classical systems (for the later the
evolution operator for the Liouville equation for the density of the distribution function
is defined in analogous terms). It is a consequence of the existence of two approaches to
the description of the evolution of systems based on the description of the evolution in
framework of observables or states. The evolution operator generated by solution (6) for
f ∈ L1(FH) we will denote by
U(−t)fU−1(−t) := G(−t)f. (8)
The following properties of the group G(−t) follow from the properties of groups (7).
In the space L1(FH) the mapping (8) : t→ G(−t)f is an isometric strongly continuous
group which preserves positivity and self-adjointness of operators.
For f ∈ L10(FH) ⊂ D(−N ) in the sense of the norm convergence L
1(FH) there exists
a limit [33] by which the infinitesimal generator: −N = ⊕∞n=0(−Nn) of the group of
evolution operator (8) is determined
lim
t→0
1
t
(
G(−t)f − f
)
= −
i
~
(Hf − fH) := −N f, (9)
where H = ⊕∞n=0Hn is the Hamiltonian (1) and the operator: −
i
~
(Hf − fH) is defined in
the domain D(H) ⊂ FH.
It should be emphasized that the density operator belonging to the space L1(FH)
describes only finitely many-particle systems , i.e. systems for which the average number
of particles in the system is finite. Indeed, for the observable of the number of particles
N = (0, I, 2I, . . . , nI, . . .) functional (2) has a form
〈N〉(t) =
(
eaD(0)
)−1
0
∞∑
n=0
1
n!
Tr1,...,n+1Dn+1(t, 1, . . . , n+ 1), (10)
and for any sequence D(t) ∈ L1(FH) we get
|〈N〉(t)| ≤ ‖D(0)‖L1(FH) <∞.
2.3 Derivation of von Neumann hierarchy for correlation oper-
ators
Let us represent the state D(t) of a quantum system in the form of cluster expansions
[10, 34] over the new operators g(t) = (0, g1(t, 1), . . . , gn(t, 1, . . . , n), . . .)
D1(t, 1) = g1(t, 1),
D2(t, 1, 2) = g2(t, 1, 2) + g1(t, 1)g1(t, 2),
. . . . . . . . . . . .
Dn(t, Y ) =
∑
P:Y=
S
i
Xi
∏
Xi⊂P
g|Xi|(t, Xi), n ≥ 1, (11)
where the following notations are used: Y ≡ (1, . . . , n), |Y | = n is a number of particles
of the set Y ,
∑
P
is a sum over all possible partitions P of the set Y into |P| nonempty
mutually disjoint subsets Xi.
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It is evidently that, in terms of the sequences of operators g(t), the state of the system
is described in an equivalent way. The operators gn(t), n ≥ 1 are interpreted as correlation
operators of a system of particles.
The evolution of correlation operators is described by the initial-value problem for the
von Neumann hierarchy for correlation operators
d
dt
gn(t, Y ) = −Nn(Y )gn(t, Y ) +
∑
P: Y=
S
Xi,
|P|>1
(
−N int(X1, . . . , X|P|)
) ∏
Xi⊂P
g|Xi|(t, Xi), (12)
gn(t, Y )
∣∣
t=0
= gn(0, Y ), n ≥ 1. (13)
The von Neumann operator Nn(Y ) = Nn for the system of particles with Hamiltonian
(1) is defined by formula (5),
N int(X1, . . . , X|P|) =
∑
Z1⊂X1,
Z1 6=∅
. . .
∑
Z|P|⊂X|P|,
Z|P| 6=∅
N
( |P|P
r=1
|Zr|
)
int
(
Z1, . . . , Z|P|
)
, (14)
where
∑
Zj⊂Xj
is a sum over all subsets Zj ⊂ Xj and for k = 1, . . . , n
N (k)int (1, 2, . . . , k) = −
i
~
[
· ,Φ(k)(1, 2, . . . , k)
]
. (15)
The simplest examples of von Neumann hierarchy (12) are given by
d
dt
g1(t, 1) = −N1(1)g1(t, 1),
d
dt
g2(t, 1, 2) = −N2(1, 2)g2(t, 1, 2)−N
(2)
int (1, 2)g1(t, 1)g1(t, 2),
d
dt
g3(t, 1, 2, 3) = −N3(1, 2, 3)g3(t, 1, 2, 3) +
+
(
−N (2)int (1, 2)−N
(2)
int (1, 3)−N
(3)
int (1, 2, 3)
)
g1(t, 1)g2(t, 2, 3) +
+
(
−N (2)int (1, 2)−N
(2)
int (2, 3)−N
(3)
int (1, 2, 3)
)
g1(t, 2)g2(t, 1, 3) +
+
(
−N (2)int (1, 3)−N
(2)
int (2, 3)−N
(3)
int (1, 2, 3)
)
g1(t, 3)g2(t, 1, 2) +
−N (3)int (1, 2, 3)g1(t, 1)g1(t, 2)g1(t, 3).
We note that, in the case of a two-body interaction potential (k = 2), the von Neumann
hierarchy (12) is simplified. For example, the expression for the operator g3(t) does not
contain terms with the operator N (3)int . In this case the nonlinear terms in hierarchy (12)
have the form ∑
P:Y=X1
S
X2
∑
i1∈X1
∑
i2∈X2
(
−N (2)int (i1, i2)
)
g|X1|(t, X1)g|X2|(t, X2). (16)
For classical systems hierarchy (12) with nonlinear terms (16) is an equivalent form of the
corresponding nonlinear Liouville hierarchy [37] formulated by Green [29].
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The von Neumann hierarchy (12) can be formally derived from the sequence of (linear)
von Neumann equations (3) provided that the state of a system is described in terms of
correlation operators defined by cluster expansions (11).
We remark that, in the case of a system of particles satisfying Fermi or Bose statistics,
cluster expansions (11) and hierarchy (12) have another structure. The analysis of these
cases will be given in a separate paper.
3 Cluster expansions of evolution operator of von
Neumann equation
3.1 Cluster expansions
Let us expand the group G(−t) of evolution operator (8) as follows (cluster expansions):
Gn(−t, Y ) =
∑
P:Y=
S
i
Xi
∏
Xi⊂P
A|Xi|(t, Xi), n = |Y | ≥ 0, (17)
where
∑
P
is the sum over all possible partitions of the set Y ≡ (1, . . . , n) into |P| nonempty
mutually disjoint subsets Xi ⊂ Y. The operators An(t, Y ) we refer to as the nth-order
cumulant (semi-invariant) of evolution operators (8).
The simplest examples of cluster expansions (17) have the form
G1(−t, 1) = A1(t, 1),
G2(−t, 1, 2) = A2(t, 1, 2) + A1(t, 1)A1(t, 2),
G3(−t, 1, 2, 3) = A3(t, 1, 2, 3) + A2(t, 1, 2)A1(t, 3) + A2(t, 1, 3)A1(t, 2)
+A2(t, 2, 3)A1(t, 1) + A1(t, 1)A1(t, 2)A1(t, 3).
Solving previous relations, one obtains
A1(t, 1) = G1(−t, 1),
A2(t, 1, 2) = G2(−t, 1, 2)− G1(−t, 1)G1(−t, 2),
A3(t, 1, 2, 3) = G3(−t, 1, 2, 3)− G1(−t, 3)G2(−t, 1, 2)− G1(−t, 2)G2(−t, 1, 3)−
−G1(−t, 1)G2(−t, 2, 3) + 2!G1(−t, 1)G1(−t, 2)G1(−t, 3).
In general case the following lemma is true.
Lemma 1. A solution of recurrence relations (17) is determined by the expansion
An(t, Y ) =
∑
P:Y=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G|Xi|(−t, Xi), (18)
n = |Y | ≥ 1,
where
∑
P
is the sum over all possible partitions of the set Y into |P| nonempty mutually
disjoint subsets Xi ⊂ Y.
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Proof. Let us consider the linear space of sequences f =
(
f0, f1(1), . . . , fn(1, . . . , n), . . .
)
of operators fn ∈ L1(Hn) (f0 is an operator that multiplies a function by an arbitrary
number). We introduce in this linear space the tensor ∗-product [20, 34]
(f ∗ h)|Y |(Y ) =
∑
Z⊂Y
(f)|Z|(Z) h|Y \Z|(Y \Z), (19)
where h = (0, h1(1), . . . , hn(1, . . . , n), . . .) is a sequence of operators hn ∈ L
1(Hn) and
∑
Z⊂Y
is the sum over all subsets Z of the set Y ≡ (1, . . . , n).
According to definition (19) for the sequence A(t) =
(
0,A1(t, 1),A2(t, 1, 2), . . .
. . . ,An(t, 1, . . . , n), . . .
)
the following equality is true∑
P:Y=
S
i
Xi
∏
Xi⊂P
A(|Xi|)(t, Xi) =
(
Exp∗A(t)
)
n
(Y ), n = |Y | ≥ 1,
where Exp∗ is defined as the ∗-exponential mapping, i.e.
Exp∗f = 1+
∞∑
n=1
1
n!
f ∗ · · · ∗ f︸ ︷︷ ︸
n
, (20)
f ≡ (f0, f1, . . . , fn, . . .) and 1 ≡ (I, 0, 0, . . .) is the unit sequence.
As a result, we can represent recurrence relations (17) in the form
1+ G˜(−t) = Exp∗A(t),
where G˜(−t) =
(
0,G1(−t, 1), . . . ,Gn(−t, 1, . . . , n), . . .) and the elements of the sequence
G(−t) ≡ 1 + G˜(−t) =
(
I,G1(−t, 1), . . . ,Gn(−t, 1, . . . , n), . . .) are the evolution opera-
tors (8), (G(−t)f)n(Y ) = (U(−t)fU−1(−t))n(Y ) = Un(−t, Y )fn(Y )U−1n (−t, Y ) for Y =
(1, . . . , n).
Similarly, defining the mapping Ln∗ on the sequences h ≡ (0, h1, . . . , hn, . . .) as the
mapping inverse to Exp∗, i.e.
Ln∗
(
1+ h
)
=
∞∑
n=1
(−1)n−1
n
h ∗ · · · ∗ h︸ ︷︷ ︸
n
, (21)
one obtains∑
P:Y=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G|Xi|(−t, Xi) = Ln∗
(
1+ G˜(−t)
)
n
(Y ),
n = |Y | ≥ 1.
Hence, relation (18) can be rewritten as
A(t) = Ln∗
(
1+ G˜(−t)
)
,
and, therefore, expression (18) is a solution of recurrence relations (17).
For systems of classical particles cumulants (18) were introduced in [22].
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3.2 Properties of cumulants
We will now deal with the properties of cumulants (18). As was proved in Lemma 1 the
cumulants An(t), n ≥ 1 of evolution operators (8) of the von Neumann equations are
solutions of recurrence relations (17), i.e. cluster expansions of the group of evolution
operators (8), similar to (11).
For the quantum system of non-interacting particles for n ≥ 2 we have: An(t) = 0.
Indeed, for a non-interacting Maxwell-Boltzmann gas we have: Gn(−t, 1, . . . , n) =∏n
i=1 G1(−t, i), then
An(t, Y ) =
∑
P:Y=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
|Xi|∏
ji=1
G1(−t, ji) =
=
n∑
k=1
(−1)k−1s(n, k)(k − 1)!
n∏
i=1
G1(−t, i) = 0.
where the following equality is used:
∑
P: Y=
S
i
Xi
(−1)|P|−1(|P| − 1)! =
n∑
k=1
(−1)k−1s(n, k)(k − 1)! = δn,1, (22)
s(n, k) is the Stirling numbers of the second kind and δn,1 is a Kroneker symbol.
In the general case a generator of the nth-order cumulant, n ≥ 2, is an operator
(−N (n)int ) defined by an n-body interaction potential (15). According to equality (22) for
the nth-order cumulant, n ≥ 2, in the sense of point-by-point convergence of the space
L1(Hn) we have
lim
t→0
1
t
An(t, Y )gn(Y ) =
∑
P: Y=
S
k
Zk
(−1)|P|−1(|P| − 1)!
∑
Zk⊂P
(−N|Zk|(Zk))gn(Y ) =
=
(
−N (n)int (Y )
)
gn(Y ), (23)
where the operator N (n)int is given by (15).
For n = 1 the generator of the first-order cumulant is given by
lim
t→0
1
t
(
A1(t, Y )− I
)
gn(Y ) = −Nn(Y )gn(Y ),
where Y = (1, . . . , n) and
(
−Nn(Y )
)
is defined by formula (9).
4 Initial-value problem for the von Neumann hier-
archy
4.1 The formula of a solution
We consider two approaches to the construction of a solution of the von Neumann hi-
erarchy (12). Since hierarchy (12) has the structure of recurrence equations we deduce
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that the solution can be constructed by successive integration of the inhomogeneous von
Neumann equations. Indeed, for solutions of the first two equations we have
g1(t, 1) = G1(−t, 1)g1(0, 1),
g2(t, 1, 2) = G2(−t, 1, 2)g2(0, 1, 2) +
+
t∫
0
dt1G2(−t + t1, 1, 2)
(
−N (2)int (1, 2)
)
G1(−t1, 1)G1(−t1, 2)g1(0, 1)g1(0, 2). (24)
Then let us consider the second term on the right hand side of (24)
t∫
0
dt1G2(−t + t1, 1, 2)
(
−N (2)int (1, 2)
)
G1(−t1, 1)G1(−t1, 2) =
= −G2(−t, 1, 2)
t∫
0
dt1
d
dt1
(
G2(t1, 1, 2)G1(−t1, 1)G1(−t1, 2)
)
=
= G2(−t, 1, 2)− G1(−t, 1)G1(−t, 2). (25)
The operator G2(−t, 1, 2) − G1(−t, 1)G1(−t, 2) := A2(t, 1, 2) in (25) is the second-order
cumulant of evolution operators (8). Formula (25) is an analog of the Duhamel formula,
which holds rigorously, for example, for bounded interaction potential [3].
Making use of the transformations similar to (25), for n > 2 a solution of equations
(12), constructed by the iterations is presented by expressions (28).
The formula for a solution of the von Neumann hierarchy (12)–(13) can also be (for-
mally) derived from the solution D(t) = (I,D1(t, 1), . . . , Dn(t, 1, . . . , n), . . .) of von Neu-
mann equations (6) (Theorem 1) on the bases of cluster expansions (11).
Indeed, a solution of recurrence equations (11) is defined by the expressions
gn(t, Y ) =
∑
P:Y=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
D|Xi|(t, Xi), n ≥ 1, (26)
where
∑
P
is a sum over all possible partitions P of the set Y ≡ (1, . . . , n) into |P| nonempty
mutually disjoint subsets Xi. If we substitute solution (6) in expressions (26) and taking
into account cluster expansions (11) for t = 0, we derive
gn(t, Y ) =
∑
P: Y=
S
i
Xi
(−1)|P|−1(|P|−1)!
∏
Xi⊂P
G|Xi|(−t, Xi)
∑
Pi:Xi=
S
ki
Zki
∏
Zki⊂Pi
g|Zki|
(0, Zki). (27)
As a result of the regrouping in expression (27) the items with similar products of initial
operators
∏
Xi⊂P
g|Xi|(0, Xi), one obtains
gn(t, Y ) =
∑
P:Y=
S
i
Xi
A|P|(t, YP)
∏
Xi⊂P
g|Xi|(0, Xi), n ≥ 1, (28)
where Y = (1, . . . , n), YP ≡ (X1, . . . , X|P|) is a set whose elements are |P| subsets Xi ⊂ Y
of partition P : Y =
⋃
i
Xi and
∑
P: Y=
S
i
Xi
is a sum over all possible partitions P of the set Y
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into |P| nonempty mutually disjoint subsets. Evolution operators A|P|(t) for every |P| ≥ 1
in expression (28) are defined by
A|P|(t, YP) :=
∑
P
′
: YP=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Zk⊂P
′
G|Zk|(−t, Zk). (29)
For |P| ≥ 2 the |P|th-order cumulants A|P|(t) of evolution operators (8) of the von Neumann
equations [25] have similar structure, in contrast to the first-order cumulant. For example,
for |P| = 1
A1(t, 1 ∪ . . . ∪ n) = Gn(−t, 1, . . . , n),
for |P| = 2
A2(t, i1 ∪ . . . ∪ i|X1|, i|X1|+1 ∪ . . . ∪ i|Y |) =
= G|Y |(−t, 1, . . . , n)− G|X1|(−t, i1, . . . , i|X1|)G|X2|(−t, i|X1|+1, . . . , in),
where {i1, . . . , i|Y |} ∈ {1, . . . , n} and the following notations are used: the symbol (i1 ∪
. . . ∪ i|X1|, i|X1|+1 ∪ . . . ∪ i|Y |) denote that the sets {i1, . . . , i|X1|} and {i|X1|+1, . . . , i|Y |} are
the connected subsets (clusters, respectively, of |X1| and |X2| particles) of a partition of
the set Y = (1, . . . , |X1|, |X1|+ 1, . . . , |Y |) into two elements.
The simplest examples for solution (28) are given by
g1(t, 1) = A1(t, 1)g1(0, 1),
g2(t, 1, 2) = A1(t, 1 ∪ 2)g2(0, 1, 2) + A2(t, 1, 2)g1(0, 1)g1(0, 2),
g3(t, 1, 2, 3) = A1(t, 1 ∪ 2 ∪ 3)g3(0, 1, 2, 3) + A2(t, 2 ∪ 3, 1)g1(0, 1)g2(0, 2, 3) +
+A2(t, 1 ∪ 3, 2)g1(0, 2)g2(0, 1, 3) + A2(t, 1 ∪ 2, 3)g1(0, 3)g2(0, 1, 2) +
+A3(t, 1, 2, 3)g1(0, 1)g1(0, 2)g1(0, 3).
We remark that at the initial instant t = 0 solution (28) satisfies initial condition (13).
Indeed, for |P| ≥ 2 according to definitions (7) (U±1n (0) = I is a unit operator) and in
view of equality (22), we have
A|P|(0, YP) =
∑
P
′
: YP=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!I = 0.
4.2 Chaos property
Let us consider the structure of solution (28) for one physically motivated example of the
initial data; that is to say, if the initial data for Cauchy problem (12)–(13) satisfy the
chaos property (statistically independent particles) [11], i.e. the sequence of correlation
operators is the following one-component sequence
g(0) = (0, g1(0, 1), 0, 0, . . .). (30)
In fact, in terms of the sequence D(0) this condition means that
D(0) =
(
1, D1(0, 1), D1(0, 1)D1(0, 2), . . .
)
.
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Making use of relation (26) we obtain initial condition (30) for correlation operators.
A more general property, namely, decay of correlations for the classical system of hard
spheres, was considered in [23].
For initial data (30) the formula for solution (28) of the initial-value problem (12)–(13)
is simplified and is reduced to the following formula:
gn(t, 1, . . . , n) = An(t, 1, . . . , n)
n∏
i=1
g1(0, i), n ≥ 1. (31)
It is clear from (31) that, if at the initial instant there are no correlations in the system,
the correlations generated by the dynamics of a system are completely governed by the
cumulants of evolution operators (8).
In the case of initial data (30) solution (31) of the Cauchy problem for the von Neumann
hierarchy (12)–(13) may be rewritten in another form. For n = 1, we have
g1(t, 1) = A1(t, 1)g1(0, 1).
Then, within the context of the definition of the first-order cumulant, A1(t), and the
inverse to it evolution operator A1(−t), we express the correlation operators gn(t), n ≥ 2
in terms of the one-particle correlation operator g1(t), making use of formula (31).
Finally, for n ≥ 2 formula (31) is given by
gn(t, 1, . . . , n) = Ân(t, 1, . . . , n)
n∏
i=1
g1(t, i), n ≥ 2,
where Ân(t, 1, . . . , n) is the nth-order cumulant of the scattering operators
Ĝt(1, . . . , n) := Gn(−t, 1, . . . , n)
n∏
k=1
G1(t, k), n ≥ 1.
The generator of the scattering operator Ĝt(1, . . . , n) is determined by the operator:
−
n∑
k=2
n∑
i1<...<ik=1
N (k)int (i1, . . . , ik),
where N (k)int acts according to (15).
4.3 Properties of a group of nonlinear operators
On L1(Hn) solution (28) generates a group of nonlinear operators of the von Neumann
hierarchy. The properties of this group are described in the following theorem.
Theorem 2. For gn ∈ L1(Hn), n ≥ 1, the mapping
t→
(
At(g)
)
n
(Y ) ≡
∑
P: Y=
S
i
Xi
A|P|(t, YP)
∏
Xi⊂P
g|Xi|(Xi) (32)
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is a group of nonlinear operators of class C0. In the subspace L
1
0(Hn) ⊂ L
1(Hn) the
infinitesimal generator N nl(·) of group (32) is defined by the operator
(
N nl(g)
)
n
(Y ) := −Nn(Y )gn(Y ) +
∑
P: Y=
S
Xi,
|P|>1
(
−N int(X1, . . . , X|P|)
) ∏
Xi⊂P
g|Xi|(Xi), (33)
where the notations are similar to those in (14).
Proof. Mapping (32) is defined for gn ∈ L1(Hn), n ≥ 1 and the following inequality holds:
‖
(
At(g)
)
n
‖L1(Hn) ≤ n!e
2n+1cn, (34)
where c := max
P: Y=
S
i
Xi
‖g|Xi|(Xi)‖L1(H|Xi|)
.
Indeed, inasmuch as for gn ∈ L1(Hn) the equality holds [24]
Tr1,...,n|Gn(−t)gn| = ‖gn‖L1(Hn),
we have
‖
(
At(g)
)
n
‖L1(Hn) ≤
∑
P: Y=
S
i
Xi
∑
P
′
:YP=
S
k
Zk
(|P
′
| − 1)!
∏
Xi⊂P
‖g|Xi|‖L1(H|Xi|) ≤
≤
∑
P:Y=
S
i
Xi
c|P|
|P|∑
k=1
s(|P|, k)(k − 1)! ≤
∑
P:Y=
S
i
Xi
c|P|
|P|∑
k=1
k|P|−1 ≤ n!e2n+1cn,
where s(|P|, k) are the Stirling numbers of the second kind. That is,
(
At(g)
)
n
∈ L1(Hn)
for arbitrary t ∈ R1 and n ≥ 1.
We can now formulate the group property of the one-parametric family of nonlinear
operators At(·) which are defined by (32), i.e.
At1
(
At2(g)
)
= At2
(
At1(g)
)
= At1+t2(g).
Indeed, for gn ∈ L1(Hn), n ≥ 1 and for any t1, t2 ∈ R1, according to (28) and (18), we
have
(
At1
(
At2(g)
))
n
(Y ) =
∑
P:Y=
S
i
Xi
A|P|(t1, YP)
∏
Xi⊂P
∑
Pi:Xi=
S
li
Zli
A|Pi|(t2, {Xi}Pi)
∏
Zli⊂Pi
g|Zli|
(Zli) =
=
∑
P:Y=
S
i
Xi
∑
P
′
:YP=
S
j
Qj
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Qj⊂P
′
G|Qj|(−t1, Qj)×
×
∏
Xi⊂P
∑
Pi:Xi=
S
li
Zli
∑
P
′
i: {Xi}Pi=
S
ki
Rki
(−1)|P
′
i|−1(|P
′
i| − 1)!
∏
Rki⊂P
′
i
G|Rki |(−t2, Rki)
∏
Zli⊂Pi
g|Zli|
(Zli),
where {Xi}Pi ≡ (Z1, . . . , Z|Pi|) is a set whose elements are |Pi| subsets Zli ⊂ Xi of the
partition Pi : Xi =
⋃
li
Zli. Having collected the items at identical products of the initial
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data gn(0), n ≥ 1, and taking into account the group property of the evolution operators
U±1n (−t), n ≥ 1 (7), we obtain
(
At1
(
At2(g)
))
n
(Y ) =
∑
P:Y=
S
i
Xi
∑
P
′
:YP=
S
k
Qk
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Qk⊂P
′
G|Qk|(−t1 − t2, Qk)×
×
∏
Xi⊂P
g|Xi|(Xi) =
∑
P:Y=
S
i
Xi
A|P|(t1 + t2, YP)
∏
Xi⊂P
g|Xi|(Xi) =
(
At1+t2(g)
)
n
(Y ).
Similarly, we establish
At2
(
At1(g)
)
= At1+t2(g).
The strong continuity property of the group At(g(0)) over the parameter t ∈ R1 is a
consequence of the strong continuity of group (8) of the von Neumann equations [13].
Indeed, according to identity (22) the following equality holds∑
P: Y=
S
i
Xi
∑
P
′
:YP=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
∏
Xi⊂P
g|Xi|(Xi) = gn(Y ).
Therefore, for gn ∈ L10(Hn) ⊂ L
1(Hn), n ≥ 1, we have
lim
t→0
∥∥∥ ∑
P:Y=
S
i
Xi
∑
P
′
: YP=
S
k
Zk
(−1)|P
′
|−1(|P
′
|−1)!
∏
Zk⊂P
′
G|Zk|(−t, Zk)
∏
Xi⊂P
g|Xi|(Xi)−gn(Y )
∥∥∥
L1(Hn)
≤
∑
P:Y=
S
i
Xi
∑
P
′
: YP=
S
k
Zk
(|P
′
|−1)! lim
t→0
∥∥∥ ∏
Zk⊂P
′
G|Zk|(−t, Zk)
∏
Xi⊂P
g|Xi|(Xi)−
∏
Xi⊂P
g|Xi|(Xi)
∥∥∥
L1(Hn)
.
In view of the the fact that group Gn(−t) (8) (Theorem 1) is a strong continuous, i.e. in
the sense of the norm convergence L1(Hn) there exists the limit
lim
t→0
(Gn(−t)gn − gn) = 0,
which implies that, for mutually disjoint subsets Xi ⊂ Y, the following equality is also
valid:
lim
t→0
(
∏
Zk⊂P
′
G|Zk|(−t, Zk)gn − gn) = 0.
For gn ∈ L10(Hn) ⊂ L
1(Hn), we finally have
lim
t→0
‖
(
At(g)
)
n
− gn‖L1(Hn) = 0.
We will now construct the generator N nl(·) of group (32). Taking into account that for
gn ∈ L10(Hn) ⊂ D(N
nl
n (·)) equality (9) holds, let us differentiate the group
(
At(g)
)
n
ψn for
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all ψn ∈ D(Hn) ⊂ Hn. According to equality (23) for the |P|th-order cumulant, |P| ≥ 2,
we obtain
lim
t→0
1
t
A|P|(t, YP)gnψn =
∑
P
′
: YP=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
∑
Zk⊂P
′
(−N|Zk|(Zk))gnψn =
=
∑
Z1⊂X1,
Z1 6=∅
. . .
∑
Z|P|⊂X|P|,
Z|P| 6=∅
(
−N
( |P|
r=1
|Zr|
)
int
(
Z1, . . . , Z|P|
))
gnψn =
(
−N int(YP)
)
gnψn,
where YP ≡ (X1, . . . , X|P|) is a set whose elements are |P| subsets Xi ⊂ Y of partition
P : Y =
⋃
i
Xi and the operator N
(n)
int is given by formula (15).
Therefore, for group (32) we derive
lim
t→0
1
t
((
At(g)
)
n
− gn
)
ψn = lim
t→0
1
t
( ∑
P: Y=
S
i
Xi
A|P|(t, YP)
∏
Xi⊂P
g|Xi|(Xi)− gn(Y )
)
ψn =
= lim
t→0
1
t
(
A1(t, Y )gn − gn
)
ψn +
∑
P: Y=
S
i
Xi,
|P|>1
lim
t→0
1
t
A|P|(t, YP)
∏
Xi⊂P
g|Xi|(Xi)ψn =
=
(
−Nngn
)
(Y )ψn +
∑
P:Y=
S
i
Xi,
|P|>1
(
−N int(YP)
) ∏
Xi⊂P
g|Xi|(Xi)ψn. (35)
Then in view of equality (35) and the proof of the theorem 2 for gn ∈ L10(Hn) ⊂
D(N nln (·)) ⊂ L
1(Hn), n ≥ 1, in the sense of the norm convergence in L
1(Hn), we finally
have
lim
t→0
∥∥∥1
t
((
At(g)
)
n
− gn
)
−
(
N nl(g)
)
n
∥∥∥
L1(Hn)
= 0,
where N nl(·) is given by formula (33).
4.4 The uniqueness and existence theorem
For abstract initial-value problem (12)–(13) in the space L1(Hn) of trace class operators
the following theorem holds.
Theorem 3. The solution of initial-value problem (12)–(13) for the von Neumann hier-
archy (12) is determined by formula (28). For gn(0) ∈ L10(Hn) ⊂ L
1(Hn) it is a strong
(classical) solution and for arbitrary initial data gn(0) ∈ L1(Hn) it is a weak (generalized)
solution.
Proof. According to theorem 2 for initial data gn(0) ∈ L10(Hn) ⊂ L
1(Hn), n ≥ 1, sequence
(28) is a strong solution of initial-value problem (12)-(13).
The von Neumann Hierarchy for Correlation Operators 17
Let us show that in the general case g(0) ∈ L1(FH) expansions (28) give a weak solution
of the initial-value problem for the von Neumann hierarchy (12). Consider the functional(
ϕn, gn(t)
)
:= Tr1,...,n ϕngn(t), (36)
where ϕn ∈ L0(Hn) are degenerate bounded operators with infinitely times differentiable
kernels with compact supports. The operator gn(t) is defined by (28) for the arbitrary
initial data gk(0) ∈ L1(Hk), k = 1, . . . , n. According to estimate (34) for gn ∈ L1(Hn) and
ϕn ∈ L0(Hn) functional (36) exists.
We transform functional (36) as follows(
ϕn, gn(t)
)
=
∑
P:Y=
S
i
Xi
(
ϕn,A|P|(t, YP)
∏
Xi⊂P
g|Xi|(0, Xi)
)
=
=
∑
P:Y=
S
i
Xi
∑
P
′
:YP=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!
( ∏
Zk⊂P
′
G|Zk|(t;Zk)ϕn,
∏
Xi⊂P
g|Xi|(0, Xi)
)
,(37)
where the group of operators Gn(t) is adjoint to the group Gn(−t) in the sense of functional
(36).
For gn(0) ∈ L1(Hn) and ϕn ∈ L0(Hn) within the context of the theorem 2 we have
lim
t→0
((1
t
(Gn(t)ϕn − ϕn), gn(0)
)
−
(
Nnϕn, gn(0)
))
= 0,
and, therefore, it holds that
lim
t→0
(1
t
( ∏
Zk⊂P
′
G|Zk|(t;Zk)ϕn − ϕn
)
,
∏
Xi⊂P
g|Xi|(0, Xi)
)
=
=
( ∑
Zl⊂P
′
N|Zl|(Zl)ϕn,
∏
Zk⊂P
′
G|Zk|(−t;Zk)
∏
Xi⊂P
g|Xi|(0, Xi)
)
.
Then, for representation (37) of functional (36), one obtains
d
dt
(
ϕn, gn(t)
)
=
(
Nnϕn, gn(t)
)
+
∑
P:Y=
S
i
Xi,
|P|>1
∑
P
′
:YP=
S
k
Zk
(−1)|P
′
|−1(|P
′
| − 1)!×
×
( ∑
Zl⊂P
′
N|Zl|(Zl)ϕn,
∏
Zk⊂P
′
G|Zk|(−t;Zk)
∏
Xi⊂P
g|Xi|(0, Xi)
)
=
=
(
Nnϕn, gn(t)
)
+
∑
P:Y=
S
i
Xi,
|P|>1
(
N int(X1, . . . , X|P|)ϕn,
∏
Xi⊂P
g|Xi|(t, Xi)
)
,
where the operator N int(X1, . . . , X|P|) is defined by (14) and (15).
For functional (36) we finally have
d
dt
(
ϕn, gn(t)
)
=
=
((
Nnϕn
)
(Y ), gn(t, Y )
)
+
∑
P:Y=
S
i
Xi,
|P|>1
(
N int(X1, . . . , X|P|)ϕn,
∏
Xi⊂P
g|Xi|(t, Xi)
)
. (38)
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Equality (38) means that for arbitrary initial data gn(0) ∈ L1(Hn), n ≥ 1, the weak
solution of the initial-value problem of the von Neumann hierarchy (12)–(13) is determined
by formula (28).
5 BBGKY hierarchy
5.1 Nonequilibrium grand canonical ensemble
As we have seen above the two equivalent approaches to the the description of the state
evolution of quantum many-particle systems were formulated, namely, both on the basis
of von Neumann equations (3) for the statistical operators D(t) and of the von Neumann
hierarchy (12) for the correlation operators g(t). For the system of a finite average number
of particles there exists another possibility to describe the evolution of states, namely, by
sequences of s-particle statistical operators that satisfy the BBGKY hierarchy [10].
Traditionally such a hierarchy is deduced on the basis of solutions of the von Neumann
equations (the nonequilibrium grand canonical ensemble [11, 25, 33] or the canonical en-
semble [2, 10, 15]) in the space of sequences of trace class operators.
The sequence F (t) = (I, F1(t, 1), . . . , Fs(t, 1, . . . , s), . . .) of s-particle statistical opera-
tors Fs(t, 1, . . . , s), s ≥ 1 can be defined in the framework of the sequence of operators
D(t) = (I,D1(t, 1), . . . , Dn(t, 1, . . . , n), . . .) (the operator Dn(t) being regarded as density
operator (6) of the n-particle system) by expressions [33]
Fs(t, 1, . . . , s) =
(
eaD(0)
)−1
0
∞∑
n=0
1
n!
Trs+1,...,s+nDs+n(t, 1, . . . , s+ n), s ≥ 1, (39)
where
(
eaD(0)
)
0
= 1 +
∞∑
n=1
1
n!
Tr1,...,nDn(0, 1, . . . , n) is a partition function (see definition
of functional (2)). For D(0) ∈ L1(FH) series (39) converges.
If we describe the states of a quantum system of particles in the framework of correla-
tion operators g(t) the s-particle statistical operators, that are solutions of the BBGKY
hierarchy, are defined by the expansion
Fs(t, 1, . . . , s) =
∞∑
n=0
1
n!
Trs+1,...,s+ng1+n(t, 1 ∪ . . . ∪ s, s+ 1, . . . , s+ n), s ≥ 1, (40)
where g1+n(t, 1 ∪ . . . ∪ s, s + 1, . . . , s + n), n ≥ 0, are correlation operators (28) that
satisfy the von Neumann hierarchy (12) for a system consisting both from particles and
the cluster of s particles (1 ∪ . . . ∪ s is a notation as to formula (29)).
Expansion (40) can be derived from (39) as a result of the following representation for
right hand side of expansion (39)
Fs(t, 1, . . . , s) =
=
∞∑
n=0
1
n!
Trs+1,...,s+n
∑
P:{1∪...∪s,s+1,...,s+n}=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
D|Xi|(t, Xi), s ≥ 1,
(41)
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where
∑
P
is a sum over all possible partitions P of the set {1 ∪ . . . ∪ s, s + 1, . . . , s + n}
into |P| nonempty mutually disjoint subsets Xi. If D(t) ∈ L1(FH) series (41) converges.
We remark that expansion (39) can be defined for more general class of operators then
from the space L1(FH).
To prove representation (41) we will first introduce some necessary facts. We will use
the notations of lemma 1. According to the definition of ∗-product (19) for the sequence
f =
(
f0, f1(1), f2(1, 2), . . . , fn(1, . . . , n), . . .
)
of elements fn ∈ L
1(Hn) the mapping Exp∗
is defined by series (20). The mapping Ln∗ that inverse to Exp∗ is defined by series (21).
For f = (f0, f1, . . . , fn, . . .), fn ∈ L1(Hn) we define the mapping d1 : f → d1f by
(d1f)n(1, . . . , n) := fn+1(1, . . . , n, n+ 1), n ≥ 0,
and for arbitrary set Y = (1, . . . , s) we define the linear mapping d1 . . . ds : f → d1 . . . dsf
by
(d1 . . . dsf)n := fs+n(1, . . . , s+ n). (42)
We note that for sequences f 1 = (f 10 , f
1
1 , . . . , f
1
n, . . .), f
1
n ∈ L
1(Hn) and f 2 =
(f 20 , f
2
1 , . . . , f
2
n, . . .), f
2
n ∈ L
1(Hn) the following identity holds [34]
d1(f
1 ∗ f 2) = d1f
1 ∗ f 2 + f 1 ∗ d1f
2.
Further, since YP = (X1, . . . , X|P|) then Y1 = (1 ∪ . . . ∪ s) (cluster of s particles) is one
element (|Y1| = 1) of the partition P (|P| = 1), we introduce the mapping dY1 : f → dY1f ,
as follows
(dY1f)n(1, . . . , n) = fn+1(Y1, 1, . . . , n, ), n ≥ 0. (43)
Then for arbitrary f = (f0, f1, . . . , fn, . . .), fn ∈ L1(Hn) according to definition (20) of
the mapping Exp∗ the following equality holds
d1(Exp∗f) = d1f ∗ Exp∗f. (44)
For fn ∈ L1(Hn) an analog of the annihilation operator is defined
(af)s(1, . . . , s) := Trs+1fs+1(1, . . . , s, s+ 1), (45)
and, therefore
(eaf)s(1, . . . , s) =
∞∑
n=0
1
n!
Trs+1,...,s+nfs+n(1, . . . , s, s+ 1, . . . , s+ n), s ≥ 0.
Using previous definitions and (19) for sequences f 1 = (f 10 , f
1
1 , . . . , f
1
n, . . .),f
1
n ∈ L
1(Hn)
and f 2 = (f 20 , f
2
1 , . . . , f
2
n, . . .), f
2
n ∈ L
1(Hn) we have [34]
(ea(f 1 ∗ f 2))0 = (e
af 1)0(e
af 2)0. (46)
From equality (46) we deduce that expressions (39) and (40) can, respectively, be rewritten
as
Fs(t, Y ) =
(
eaD(0)
)−1
0
(
eadY1D(t)
)
0
and
Fs(t, Y ) =
(
eadY1g(t)
)
0
,
where Y = (1, . . . , s).
Hence, in view of equalities (11), (21) to derive expressions (40) we have to prove the
following lemma.
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Lemma 2. For f = (f0, f1, . . . , fn, . . .) and fn ∈ L1(Hn) the following identity holds
(eaExp∗f)
−1
0
(
eadY1(Exp∗f)
)
0
= (eadY1f)0. (47)
Proof. Indeed, using equalities (43), (44) and (46), we obtain
(eaExp∗f)
−1
0
(
eadY1(Exp∗f)
)
0
= (eaExp∗f)
−1
0
(
ea(Exp∗f ∗ dY1f)
)
0
=
= (eaExp∗f)
−1
0 (e
a
Exp∗f)0
(
eadY1f
)
0
=
(
eadY1f
)
0
.
5.2 On a solution of the BBGKY hierarchy
In this subsection we will turn to the solution of the initial-value problem of the BBGKY
hierarchy. In the space L1α(FH) =
∞⊕
n=0
αnL1(Hn), where α > 1 is a real number, we consider
the following initial-value problem for the BBGKY hierarchy for quantum systems of
particles obeying Maxwell-Boltzmann statistics
d
dt
Fs(t) = −NsFs(t) +
+
∞∑
n=1
1
n!
Trs+1,...,s+n
∑
Z⊂Y,
Z 6=∅
(
−N (|Z|+n)int (Z, s+ 1, . . . , s+ n)
)
Fs+n(t), (48)
Fs(t) |t=0= Fs(0), s ≥ 1, (49)
where Y = (1, . . . , s) and the operator N (n)int is defined on L
1
α,0(FH) ⊂ L
1
α(FH) by formula
(15). The equation from hierarchy (48) for s = 1 has the following transparent form:
d
dt
F1(t) = −N1F1(t) +
∞∑
n=1
1
n!
Tr2,...,n+1
(
−N (n+1)int (1, 2, . . . , n+ 1)
)
Fn+1(t).
In the space L1α(FH) there is an equivalent representation for the generator of the BBGKY
hierarchy:
ea(−N )e−a = −N +
∞∑
n=1
1
n!
[. . . [N , a], . . . , a]︸ ︷︷ ︸
n−times
that follows from (39). For a two-body interaction potential one is reduced to the form [24]:
−N +
[
N , a
]
.
We remark that in terms of the s-particle density matrix (marginal distribution)
Fs(t, q1, . . . , qs; q
′
1, . . . , q
′
s) that are kernels of the s-particle density operators Fs(t), for
a two-body interaction potential (see (1) for k = 2) the evolution operator (48) takes the
canonical form of the quantum BBGKY hierarchy [10]
i~
∂
∂t
Fs(t; q1, . . . , qs; q
′
1, . . . , q
′
s) =
(
−
~
2
2
s∑
i=1
(∆qi −∆q′i
) +
+
s∑
i<j=1
(
Φ(qi − qj)− Φ(q
′
i − q
′
j)
))
Fs(t; q1, . . . , qs; q
′
1, . . . , q
′
s) +
+
s∑
i=1
∫
dqs+1
(
Φ(qi − qs+1)− Φ(q
′
i − qs+1)
)
Fs+1(t; q1, . . . qs, qs+1; q
′
1, . . . , q
′
s, qs+1).
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For the solution of the BBGKY hierarchy the following theorem is true [25].
Theorem 4. If F (0) ∈ L1α(FH) and α > e, then for t ∈ R
1 there exists a unique solution
of initial-value problem (48)-(49) given by
Fs(t, 1, . . . , s) =
=
∞∑
n=0
1
n!
Trs+1,...,s+nA1+n(t, Y1, s+ 1, . . . , s+ n)Fs+n(0, 1, . . . , s+ n), s ≥ 1, (50)
where for n ≥ 0
A1+n(t, Y1, s+ 1, . . . , s+ n) =
∑
P:{Y1,X\Y }=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
G|Xi|(−t, Xi)
is the (1 + n)th-order cumulant of operators (8), X \ Y = {s + 1, . . . , s + n} and Y1 =
{1 ∪ . . . ∪ s}.
For initial data F (0) ∈ L1α,0 ⊂ L
1
α(FH) it is a strong solution and for arbitrary initial
data from the space L1α(FH) it is a weak solution.
The condition α > e guarantees the convergence of series (50) and means that the
average number of particles (10) is finite: 〈N〉 < α/e. This fact follows if to renormalize
a sequence (50) in such a way: F˜s(t) = 〈N〉
sFs(t).
For arbitrary F (0) ∈ L1α(FH) the average number of particles (expectation value (10)
expressed in terms of s-particle operators)
〈N〉(t) = Tr1F1(t, 1) (51)
in state (50) is finite, in fact,
|〈N〉(t)| ≤ cα‖F (0)‖L1α(FH) <∞,
where cα = e
2(1 − e
α
)−1 is a constant. We emphasize the difference between finite and
infinite systems with non-fixed number of particles. To describe an infinite particle system
we have to construct a solution of initial-value problem (48)-(49) in more general spaces
than L1α(FH), for example, in the space of sequences of bounded operators to which the
equilibrium states belong [20, 34].
We remark that the formula for solution (50) can be directly derived from solution
(28) of von Neumann hierarchy (12) [26]. In papers [2, 27, 32, 35] a solution of initial-
value problem (48)-(49) is represented as the perturbation (iteration) series, which for a
two-body interaction potential has the form
Fs(t) =
∞∑
n=0
t∫
0
dt1 . . .
tn−1∫
0
dtnTrs+1,...,s+nGs(−t+t1)
s∑
i1=1
(
−N (2)int (i1, s+1)
)
Gs+1(−t1+t2)×
. . .Gs+n−1(−tn−1 + tn)
s+n−1∑
in=1
(
−N (2)int (in, s+ n)
)
Gs+n(−tn)Fs+n(0). (52)
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In the space L1α(FH) expansion (48) is equivalent to this iteration series. This follows
from the validity of analogs of the Duhamel formula for cumulants of evolution operators
of the von Neumann equations. For the second-order cumulant an analog of the Duhamel
formula has the form (25) and in the general case the following formula takes place
A1+n(t, Y1, s+ 1, . . . , s+ n) =
=
t∫
0
dt1 . . .
tn−1∫
0
dtn
∏
k1∈I1
G|k1|(−t + t1, k1)
∑
i1<j1∈I1
∑
l1∈i1
∑
m1∈j1
(
−N (2)int (l1, m1)
)
×
×
∏
k2∈I2
G|k2|(−t1 + t2, k2)
∑
i2<j2∈I2
∑
l2∈i2
∑
m2∈j2
(
−N (2)int (l2, m2)
)
× . . .
. . .×
∏
kn∈In
G|kn|(−tn−1+tn, kn)
∑
in<jn∈In
∑
ln∈in
∑
mn∈jn
(
−N (2)int (ln, mn)
)
Gs+n(−tn, 1, . . . , s+n),
where I1 ≡ {Y1, s+ 1, . . . , s+ n}, In ≡ {in−1 ∪ jn−1} ∪ In−1 \ {in−1, in−1}.
We remark that for classical systems of particles the first few terms of the cumulant
expansion (50) were considered in [12].
In [25] we discuss other possible representations of a solution of the BBGKY hierarchy
in the space L1α(FH).
5.3 Correlation operators of infinite-particle systems
Correlation operators (28) may be employed to directly calculate the macroscopic values
of a system, in particular, fluctuations characterized by the average values of the square
deviations of observables from its average values. For example, for an additive-type ob-
servable a = (a0, a1(1), . . . ,
n∑
i=1
a1(i), . . .) from the formula for expectation value (2) we
derive the formula for fluctuations (the dispersion of an additive-type observable) [10]
〈
(
a− 〈a〉(t)
)2
〉(t) =
= Tr1
(
a21(1)− 〈a〉
2(t)
)
F1(t, 1) + Tr1,2a1(1)a1(2)
(
F2(t, 1, 2)− F1(t, 1)F1(t, 2)
)
.
Therefore, the dispersion of the additive-type observable is defined not directly through
the solutions of the BBGKY hierarchy but by the following correlation operators:
F2(t, 1, 2) − F1(t, 1)F1(t, 2) = G2(t, 1, 2) or in the general case by the s-particle corre-
lation operators
Gs(t, 1, ..., s) :=
∑
P: {1,...,s}=
S
i
Xi
(−1)|P|−1(|P| − 1)!
∏
Xi⊂P
F|Xi|(t, Xi). (53)
The s-particle correlation operators Gs(t), s ≥ 1 can be expressed in terms of correlation
operators (28) by the formula
Gs(t, 1, ..., s) =
∞∑
n=0
1
n!
Trs+1,...,s+ngs+n(t, 1, . . . , s+ n), s ≥ 1, (54)
where gs+n(t, 1, . . . , s+ n) is a solution of the von Neumann hierarchy (12).
To derive expression (54) we state the following lemma.
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Lemma 3. Let f = (f0, f1, . . . , fn) and fn ∈ L1(Hn), then the equality holds
(eaExp∗f)
−1
0 e
a
Exp∗f = Exp∗e
af.
Proof. Indeed, using equality (46) and the equality
d1 . . . dsExp∗f = Exp∗f ∗
∑
P:Y=
S
iXi
d1 . . . d|X1|f ∗ . . . ∗ d|X|P |−1|+1 . . . d|X|P||f,
that follows from (42), (44), one obtains (here Y = (1, . . . , s))
(eaExp∗f)
−1
0 (e
a
Exp∗f)|Y |(Y ) = (e
a
Exp∗f)
−1
0 (e
a
d1 . . . ds(Exp∗f))0 =
= (eaExp∗f)
−1
0
(
ea(Exp∗f ∗
∑
P:Y=
S
Xi
d1 . . . d|X1|f ∗ . . . d|X|P |−1|+1 . . . d|X|P||f)
)
0
=
= (eaExp∗f)
−1
0 (e
a
Exp∗f)0
(
ea
∑
P:Y=
S
Xi
d1 . . . d|X1|f ∗ . . . ∗ d|X|P|−1|+1 . . . d|X|P||f
)
0
=
=
∑
P:Y=
S
i
Xi
∏
Xi⊂P
(ead1 . . . d|Xi|f)0 =
(
Exp∗e
af
)
|Y |
(Y ).
We now derive representation (54) for s-particle correlation operators. Using equality
(11) in terms of the mapping Exp∗ (20), representation (39) for s-particle statistical
operators can be rewritten in the form
F (t) = (eaExp∗g(0))
−1
0 e
a
Exp∗g(t).
In terms of the mapping Exp∗ formula (53) has the form
F (t) = Exp∗G(t).
Further, according to previous formula and Lemma 3 we have
Exp∗G(t) = (e
a
Exp∗g)
−1
0 e
a
Exp∗g(t) = Exp∗e
ag(t),
and, therefore, we finally derive
G(t) = eag(t) (55)
or in component-wise form (54).
For chaos initial data (30) obeying Maxwell-Boltzmann statistics according to (55)
we have G1(0) = g1(0). Using solution (31) of the von Neumann hierarchy (12) the
expansion for a solution of the initial-value problem for s-particle correlation operators
can be represented as follows
Gs(t, 1, . . . , s) =
∞∑
n=0
1
n!
Trs+1,...,s+nAs+n(t, 1, . . . , s+ n)
s+n∏
i=1
G1(0, i), s ≥ 1.
It should be noted that sequence (55) is a solution of the nonlinear BBGKY hierarchy
for s-particle correlation operators [29] which describes the dynamics of correlations of
infinite-particle systems.
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